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1. Introduction
As is known, a Banach algebra generated by a subspace of quasinilpotents need not consist of quasinilpotents. This is
true even for matrices. So, to get a positive result, the subspace must have the additional properties. The simplest of them
is commutativity. There are conditions of weakened commutativity in Lie algebra terms to get that the Banach algebra
is commutative modulo the Jacobson radical. For instance, Turovskii [12,13] proved that a Banach algebra generated by a
nilpotent or ﬁnite-dimensional solvable Lie subalgebra is commutative modulo the Jacobson radical.
One can take weaker conditions if consider Volterra operators, i.e. compact quasinilpotent operators. A set of operators
is called Volterra if it consists of Volterra operators. Shulman and Turovskii [10] proved that Volterra Lie algebras gener-
ate Volterra algebras. Moreover, they proved that the closed algebra generated by a Lie algebra of compact operators is
commutative modulo the Jacobson radical if and only if the Lie algebra is E-solvable.
In this paper we consider the two mentioned possibilities together. A Lie algebra of (bounded) operators is called essen-
tially nilpotent if it is nilpotent modulo the compact operators. Clearly all nilpotent Lie algebras of operators and Lie algebras
of compact operators are essentially nilpotent. We ﬁnd some necessary and suﬃcient conditions for an essentially nilpotent
Lie algebra of quasinilpotent operators to generate the closed algebra of quasinilpotent operators, and examine the cases of
Riesz and scattered operators.
In fact we consider in Section 2 the Engel Lie algebras of operators which are essentially nilpotent or essentially ﬁnite-
dimensional. A normed Lie algebra L is Engel if all operators x → [a, x] on L are quasinilpotent. Clearly such Lie algebras
form a more general class than the class of Lie algebras of quasinilpotent operators. An ideal of a normed Lie algebra is
called Engel if it is an Engel Lie algebra.
Following [11] we call a normed Lie algebra E-solvable if each its nonzero quotient by closed ideal contains a nonzero
closed Engel ideal. For a ﬁnite-dimensional Lie algebras this is equivalent to solvability. In Section 3 we give some conditions
on an E-solvable Lie algebra of operators L equivalent to commutativity modulo the Jacobson radical of closed algebra
generated by L. Finally, we apply our results to polynomially compact operators.
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710 P. Cao / J. Math. Anal. Appl. 386 (2012) 709–717By an operator we mean a bounded linear operator on a Banach space. Let X be a Banach space, B(X ) the Banach
algebra of all operators on X , and let K(X ) be its ideal of compact operators. A set of operators on X is called reducible if
it has a nontrivial invariant subspace. For a set N ⊂ X , let span(N) denote the linear subspace generated by N . Deﬁne in
B(X ) a Lie product by [T1, T2] = T1T2 − T2T1 for any T1, T2 ∈ B(X ); so B(X ) is also considered as a Lie algebra. The same
holds of course for every Banach algebra.
For a set M in a Banach algebra, let A(M) denote the associative algebra generated by M , and let M denote the closure
of M . For a Banach algebra A, the radical denoted by Rad(A) means the Jacobson radical.
We list some lemmas which will be used frequently.
Lemma 1.1. (See [12,13].) Let A be a Banach algebra. If L is a nilpotent Lie subalgebra of A or a ﬁnite-dimensional solvable Lie
subalgebra of A, then A(L)/Rad(A(L)) is commutative.
Shulman and Turovskii have proved the following remarkable result (see [10, Theorem 11.4]):
Lemma 1.2. Let L be a nonscalar Lie algebra of operators. If L is the image of an Engel Banach Lie algebra under a bounded Lie
homomorphism and the closure L contains a nonzero compact operator, then L has a nontrivial hyperinvariant subspace.
As a corollary of Lemma 1.2, the following result is true (see [10, Corollary 11.5]):
Lemma 1.3. Let L be an Engel Lie algebra of compact operators. Then the closed algebra generated by L is commutative modulo the
Jacobson radical.
There is also a positive answer for the Volterra ideal problem (see [11, Theorem 4.14(i)]):
Lemma 1.4. If L is a closed Lie algebra of operators with one-point essential spectrum and if W is a nonzero Volterra Lie ideal of L,
then L is reducible.
For N ⊂ B(X ), let LatN be the set of all closed invariant subspaces of N . For a set Π ⊂ LatN we say that V is a gap-
quotient of Π if V = Y /Z , where Y , Z ∈ Π , Z ⊂ Y and there exist no subspaces in Π that are intermediate between Y
and Z . For any T ∈ N , let T |Y denote the restriction of T to Y and let T |V denote the operator induced by T on V . Put
M|V := {T |V : T ∈ M} for M ⊂ N .
The following lemma will be useful.
Lemma 1.5. (See [11, Lemma 2.6].) Let M be a set of compact operators, N a set of operators and M ⊂ N . The following conditions
are equivalent:
(i) M|V = {0} for any gap-quotient V of LatN .
(ii) M ⊂ Rad(A(N )).
2. Engel Lie algebras
Let π be a natural homomorphism from B(X ) onto the Calkin algebra B(X )/K(X ). A Lie algebra L of operators on X
is called essentially nilpotent (respectively, essentially ﬁnite-dimensional) if π(L) is nilpotent (respectively, ﬁnite-dimensional).
The following result (see [3, Theorem 3.1]) is true for essentially nilpotent Lie algebras of operators.
Proposition 2.1. Let L be an essentially nilpotent Lie algebra generated by quasinilpotent operators. If L is Engel then A(L) consists
of quasinilpotent operators.
Suppose that L is a Lie algebra. Set L(1) = L and L(k) = [L,L(k−1)] for k 2.
Lemma 2.1. Let L be a Lie algebra of operators. Then A(L)/Rad(A(L)) is commutative if and only if there is an integer n such that
L(n) ⊂ Rad(A(L)).
Proof. If A(L)/Rad(A(L)) is commutative, then L(2) ⊂ Rad(A(L)).
Let L(n) ⊂ Rad(A(L)) for some n, and let τ : A(L) → A(L)/Rad(A(L)) be a natural homomorphism. So τ (L) is nilpo-
tent. As the Banach algebra generated by τ (L) is A(L)/Rad(A(L)), then
[A(τ (L)),A(τ (L))]⊂ Rad(A(L)/Rad(A(L)))= {0}
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([A(L),A(L)])⊂ [A(τ (L)),A(τ (L))]= {0}.
Thus A(L) is commutative modulo the Jacobson radical. 
Theorem 2.1. If L is a closed Engel, essentially nilpotent Lie algebra of operators, then A(L)/Rad(A(L)) is commutative.
Proof. Let π : B(X ) → B(X )/K(X ) be a natural homomorphism. Since π(L) is a nilpotent Lie algebra, there is an integer k
such that π(L(k)) = (π(L))(k) = {0}. If L(k) = {0} then L is nilpotent. Then by Lemma 1.1, A(L)/Rad(A(L)) is commutative.
If L(k) = {0} then there is a nonzero compact operator in L(k) . If k = 1 then π(L) = {0}, L consists of compact operators
and A(L)/Rad(A(L)) is commutative by Lemma 1.3.
Assume that k > 1. By Lemma 2.1, we only need to prove that L(k) ⊂ Rad(A(L)). If L(k)|V = {0} for every gap-quotient
V of LatL then L(k) ⊂ Rad(A(L)) by Lemma 1.5. So assume that there is a gap-quotient V of LatL such that L(k)|V = {0}.
First we assume that dim V = ∞. Then L|V is nonscalar because there is a nonzero compact operator T |V ∈ L(k)|V .
Deﬁne the map φ : L → L|V by φ(T ) = T |V ; it is a Lie homomorphism. As ‖T |V ‖  ‖T‖ for every T ∈ L then φ is a
bounded Lie homomorphism. Then L|V has a nontrivial invariant subspace by Lemma 1.2. As V is a gap-quotient of LatL,
we obtain a contradiction.
If dim V < ∞, then L|V ⊂ B(V ) is ﬁnite-dimensional. As lim‖(ad S)n(T )‖1/n = 0 for any operators S, T ∈ L then
lim
∥∥(ad S|V )n(T |V )∥∥1/n  lim∥∥(ad S)n(T )∥∥1/n = 0,
whence ad S|V : L|V → L|V is quasinilpotent and therefore nilpotent. Then L|V is a nilpotent Lie algebra. As V is a gap-
quotient of LatL then L|V has no invariant subspaces, so dim V = 1 by Engel’s Theorem. Hence [R1, R2]|V = 0 for every
R1, R2 ∈ L. Then T |V = 0 for every T ∈ L(k) = [L,L(k−1)], a contradiction.
So L(k)|V = {0} for every gap-quotient V of LatL. Hence L(k) ⊂ Rad(A(L)) by Lemma 1.5. 
Corollary 2.1. If L is a closed Engel, essentially ﬁnite-dimensional Lie algebra of operators, then A(L)/Rad(A(L)) is commutative.
Proof. Since L is an Engel Lie algebra then ‖(ada)n(b)‖ 1n → 0 as n → ∞ for every a,b ∈ L and therefore
∥∥(adπ(a))n(π(b))∥∥ 1n  ∥∥(ada)n(b)∥∥ 1n → 0.
As π(L) is ﬁnite-dimensional and closed, then ad(π(a)) is nilpotent on π(L). Hence π(L) is a nilpotent Lie algebra. Then
the result follows by Theorem 2.1. 
The following lemma is probably known, but we can’t ﬁnd the exact reference. The proof is similar to Grabiner’s Theo-
rem [5].
Lemma 2.2. If L is a Banach Lie algebra, and adL consists of nilpotent operators, then L is nilpotent.
Proof. Let Nk := {x ∈ L: (ad x)k = 0}. By Zelmanov’s Theorem [15], we only need to prove that L = Nk for some k. As every
Nk is closed, by Baire’s Theorem, there is a z ∈ L such that Nk contains a neighborhood of z for some ﬁxed k. For every
x ∈ L, let p(t) = (ad z + t(ad x− ad z))k . Then p(t) = 0 for suﬃciently small t . As p is a polynomial in t , then p(t) = 0 for
all t , whence p(1) = (ad x)k = 0. 
Recall that a Lie algebra L is called ad-ﬁnite if (ad x)(L) is ﬁnite-dimensional, for every x ∈ L.
Theorem 2.2. If L is a closed Engel Lie algebra of operators and the image π(L) in the Calkin algebra is ad-ﬁnite, then
A(L)/Rad(A(L)) is commutative.
Proof. Let I := L ∩ K(X ). Then I is a closed Lie ideal of L. Deﬁne ϕ : L/I → π(L) by ϕ(x+ I) = π(x) for every x ∈ L. It is
easy to check that ϕ is a monomorphism. Deﬁne a new norm on π(L) by ‖π(x)‖ϕ = ‖x+ I‖ for every x ∈ L. Since L/I is
a Banach Lie algebra, it is clear that π(L) is also a Banach Lie algebra with respect to the new norm. Since L is an Engel
Lie algebra, we obtain that
∥∥(adπ(a))n(π(b))∥∥ 1n
ϕ
= ∥∥(ad(a + I))n(b + I)∥∥ 1n  ∥∥(ada)n(b)∥∥ 1n → 0
as n → ∞. Since ad(π(a)) is a ﬁnite-rank operator on π(L) then it is nilpotent for every a ∈ L. By Lemma 2.2, π(L) is a
nilpotent Lie algebra. Then we get that A(L)/Rad(A(L)) is commutative by Theorem 2.1. 
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scattered if every its element is scattered. It is known (for example, see [4, Theorem 1.29 and Theorem 1.36]), for a scattered
operator S ∈ B(X ) and Z , Y ∈ Lat S with Z ⊂ Y , the operators S|Y , S|Y /Z are also scattered, and
σ(S|Y /Z ) ⊂ σ(S|Y ) ⊂ σ(S).
Also, ad S is scattered by Rosenblum’s Theorem (see [2, Section 13, Theorem 1]). Now we generalize Proposition 2.1 to
scattered operators.
Elementary spectral manifolds are introduced in [11], and, for every S ∈ B(X ), λ ∈ C and r  0, an elementary spectral
manifold ηλ,r(S) of S is deﬁned as follows:
ηλ,r(S) :=
{
x ∈ X : limsup∥∥(S − λ)nx∥∥1/n  r}.
Set
ηλ(S) := ηλ,0(S).
It is known (see [11, Proposition 3.3]) that, for a scattered operator S , ηλ(S) is closed for any λ ∈ C and S|η0(S) is a
quasinilpotent operator.
The following lemma is used frequently in Section 3. Recall that T ∈ B(X ) is a Riesz operator iff π(T ) is a quasinilpotent
in the Calkin algebra.
Lemma 2.3. Let L be an essentially nilpotent Lie algebra generated by Riesz operators. Then A(L) consists of Riesz operators.
Proof. It follows from Lemma 1.1 that A(π(L)) is commutative modulo the Jacobson radical, where π : B(X ) → B(X )/K(X )
is a natural homomorphism. It follows that A(π(L)) consists of quasinilpotents. It remains to note that π(A(L)) ⊂
A(π(L)). 
Theorem 2.3. Let L be an essentially nilpotent Lie algebra generated by scattered operators. If L is Engel then A(L)/Rad(A(L)) is
commutative.
Proof. As π(L) is a nilpotent Lie algebra, there is a number k > 1 such that L(k) ⊂ K(X ).
Claim 1. A(L) consists of scattered operators.
Let S be the set of scattered operators which generates L, and let π : B(X ) → B(X )/K(X ) be a natural homomorphism.
Then π(S) also consists of scattered operators. As π(L) is nilpotent then A(π(L))/Rad(A(π(L))) is commutative by
Lemma 1.1. For every operator T ∈ A(L) there are a number n and an n-variable polynomial p such that T = p(x1, . . . , xn),
where x1, . . . , xn ∈ S . Then σ(π(T )) = σ(p(π(x1), . . . ,π(xn))) ⊂ p(σ (π(x1)), . . . , σ (π(xn))) by the spectral mapping theo-
rem. As every σ(π(xi)) is at most countable then σ(π(T )) is at most countable. By [11, Proposition 3.23], T is scattered.
Claim 2. L(k)|V = {0} for every gap-quotient V of LatL.
First, since L is Engel, we have that
lim
∥∥(ad S|V )n(T |V )∥∥1/n  lim∥∥(ad S)n(T )∥∥1/n = 0,
for every S, T ∈ L. Then L|V ⊂ η0(ad S). As S is scattered, so is ad S|V . Hence ad S|V : L|V → L|V is quasinilpotent and
L|V is Engel. By [10, Lemma 11.3], if there is an operator T |V ∈ L|V whose spectrum contains more than one component,
then L|V has a nontrivial invariant subspace. Thus, since L|V is scattered, one may assume that L|V consists of operators
with one-point spectrum. As L(k)|V ⊂ K(V ) then L|V is essentially nilpotent. So the essential spectrum of an operator in
[A(L|V ),A(L|V )] is {0} and therefore the spectrum of operators in [L|V ,L|V ] is {0}. Moreover, the function f on L|V
deﬁned by { f (a)} ∈ σ(a) is a Lie character in virtue of σ(a) = σ(π ′(a)) and of the spectral mapping theorem for π ′(L|V ),
where π ′ : B(V ) → B(V )/K(V ) is a natural homomorphism. Then the set
L0 :=
{
x− f (x)1|V : x ∈ L|V
}
,
is a Lie algebra of operators on V , where 1|V is the identity operator on V . It is clear that L|(k)V = L(k)0 for every k > 1. ThenL0 is an Engel, essentially nilpotent Lie algebra of quasinilpotent operators having the same invariant subspaces as L|V .
Therefore L0 consists of one-point essential spectrum operators by Lemma 2.3. If {0} = L(k)0 ⊂ K(V ) then L0 contains a
nonzero Volterra ideal in virtue of the continuity of spectrum on compact operators. By Lemma 1.4, L0 has a nontrivial
invariant subspace, a contradiction.
Then we have L(k)|V = 0 for every gap-quotient V of LatL, whence L(k) ⊂ Rad(A(L)). Therefore A(L)/Rad(A(L)) is
commutative by Lemma 2.1. 
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Let L be a Lie algebra of operators. If A(L)/Rad(A(L)) is commutative, what can one say about L? If L is closed and
scattered then the answer is that L is E-solvable. Recall that a normed Lie algebra L is E-solvable if any nonzero quotient
of L by closed ideal contains a nonzero closed Engel ideal. Also, an ideal of a normed Lie algebra is E-solvable if it is an
E-solvable Lie algebra.
Proposition 3.1. If L is a closed scattered Lie algebra and [L,L] is Engel, then L is E-solvable.
Proof. Let W = [L,L], and let J be a proper closed ideal of L. If W ⊂ J then L/ J is commutative and every subspace of
L/ J is an Engel ideal.
Let ψ : L → L/ J be a natural homomorphism. If W is not contained in J then ψ(W ) is a nonzero ideal of L/ J
and adψ(x) = (ad x)|L/ J : L/ J → L/ J is a scattered operator for every ψ(x) ∈ L/ J . Since W is an Engel Lie algebra,
lim‖(ada)n(b)‖1/n = 0 for every a,b ∈ W , whence
∥∥(adψ(a))n(ψ(b))∥∥1/n  ∥∥(ada)n(b)∥∥1/n → 0,
as n → ∞.
Let I = ψ(W ). Since adψ(a)|I is a scattered operator for every a ∈ W then I ⊂ η0(adψ(a)|I ) and adψ(a)|I is quasinilpo-
tent. For every c ∈ I there is a sequence {bn} ⊂ W such that ψ(bn) → c as n → ∞, whence adψ(bn)|I → ad c|I . As ad c|I is
scattered and all adψ(bn)|I are quasinilpotent, ad c|I is quasinilpotent in virtue of the continuity of spectrum on scattered
operators by Newburgh’s Theorem [8]. So I is a nonzero closed Engel ideal of L/ J . This means that L is E-solvable. 
Let L be a normed Lie algebra. Deﬁne
Z in(L) :=
{
a ∈ L : [x1, [x2, . . . , [xi−1, [a, [xi+1, . . . , [xn−1, xn ] . . .]]] . . .]]︸ ︷︷ ︸
n−1
= 0},
for every x1, . . . , xi−1, xi+1, . . . , xn ∈ L. Put
Zn(L) :=
n⋂
i=1
Z in(L).
The set Zn(L) is called the n-center of L. Note that [x1, [x2, . . . , [xn−1, xn] . . .]] = 0 for every x1, x2, . . . , xn ∈ L if xi ∈ Zn(L)
for some i ∈ {1,2, . . . ,n}. Clearly, the n-center is a closed ideal of L, L(k) = {0} if and only if L = Zk(L), and the 2-center
of L is the center of L.
Lemma 3.1. Let L be a Lie algebra of operators. Then [L, Zn(L)] ⊂ Rad(A(L)).
Proof. Let D = A(L)/Rad(A(L)), and let τ : A(L) → A(L)/Rad(A(L)) be a natural homomorphism. Then D = A(τ (L)).
As [L, [L, . . . , [L, Zn(L) ] . . .]]︸ ︷︷ ︸
n−1
= {0} then
[
τ (L), [τ (L), . . . , [τ (L), τ (Zn(L)) ] . . .]]︸ ︷︷ ︸
n−1
= {0}.
Denote Ik = [τ (L), [τ (L), . . . , [τ (L), τ (Zn(L)) ] . . .]]︸ ︷︷ ︸
k−1
. The result follows if I2 = 0, so it remains to show the following
Claim. For k > 2,
Ik = {0} ⇒ Ik−1 = {0}.
Since [τ (L), Ik−1] = Ik = {0} then [A(τ (L)), Ik−1] = {0}. For every x ∈ τ (L) and y ∈ Ik−2 we have that [x, [x, y]] ∈ Ik = {0}.
Then [x, y] is a quasinilpotent operator by the Kleinecke–Shirokov Theorem. As Ik−1 is in the center of D, then [x, y] ∈
Rad(D). But Rad(D) = {0}, whence [x, y] = 0. This means that Ik−1 = {0}.
Therefore I2 = {0}, i.e. τ ([L, Zn(L)]) = {0}, whence [L, Zn(L)] ⊂ Rad(A(L)). 
Theorem 3.1. Let L be an essentially nilpotent Lie algebra generated by Riesz operators. Then L is E-solvable if and only if
A(L)/Rad(A(L)) is commutative.
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Proposition 3.1.
If L is E-solvable then, as in the proof of Theorem 2.1, without loss of generality one can assume there are a number
k > 1 with {0} = L(k) ⊂ K(X ) and a gap-quotient V of LatL such that L(k)|V = {0}. Note that the map φ : T → T |V is a
bounded homomorphism from L onto L|V and A(L|V ) consists of Riesz operators by [4, Theorem 3.22].
If dim V < ∞ then L|V is triangularizable by [11, Theorem 4.24] and then dim V = 1. Then L(2)|V = {0}, a contradiction
with L(k)|V = {0}.
So one can assume that dim V = ∞.
Claim 1. L|V has a nonzero closed Engel ideal.
Since L is E-solvable then L/kerφ has a nonzero closed Engel ideal K . So φ(K ) is a nonzero closed Engel ideal of L|V
by [11, Lemma 4.21]. As φ(K ) is essentially nilpotent then [φ(K ),φ(K )] consists of quasinilpotent operators by Theorem 2.1.
So there are two cases:
Case I: φ(K )(k) = {0}. Then φ(K )(k) ⊂ L(k)|V ⊂ K(V ) and φ(K )(k) consists of quasinilpotent operators. Therefore L|V has
a nonzero Volterra ideal. As L|V consists of Riesz operators then L|V has a nontrivial invariant subspace by Lemma 1.4,
a contradiction.
Case II: φ(K )(k) = {0}. We will prove that in this case φ(K ) is in the k-center of L|V .
Claim 2. φ(K ) ⊂ Zk(φ(L)).
First, let
I := span{[x1, [x2, [x3, . . . , [xk, xk+1] . . .]]]: x1 ∈ φ(K ), x2, . . . , xk+1 ∈ L|V ,
and x j ∈ φ(K ) for some j ∈ {2, . . . ,k + 1}
}
.
Then I is a Lie ideal of L|V . As every [x2, [x3, . . . , [xk, xk+1] . . .]] ⊂ L|(k)V ⊂ K(V ), then I consists of compact operators. Since
I ⊂ [φ(K ),φ(K )] consists of quasinilpotent operators, I is a Volterra ideal of L|V . If I = {0} then L|V has a nontrivial
invariant subspace by Lemma 1.4, a contradiction. Therefore I = {0}.
Let a = [x3, . . . , [xk, xk+1] . . .] ∈ φ(K ) and let x j ∈ φ(K ) for some j ∈ {3, . . . ,k+1}. Since [a, [x2,a]] ∈ I = {0} then [x2,a] is
quasinilpotent by the Kleinecke–Shirokov Theorem. Now let x2 ∈ φ(K ) and let b = [x3, . . . , [xk, xk+1] . . .]. Then [x2, [x2,b]] ∈
I = {0}. So [x2,b] is quasinilpotent by the Kleinecke–Shirokov Theorem. Let
I ′ = span{[x2, [x3, . . . , [xk, xk+1] . . .]]: x2, . . . xk+1 ∈ L|V , and x j ∈ φ(K ) for some j ∈ {2, . . . ,k + 1}}.
It follows from the above that I ′ is a Volterra ideal of L|V . So I ′ = {0} by Lemma 1.4. This means that φ(K ) ⊂ Zk(φ(L)).
Now let q : L|V → L|V /Zk(L|V ) be a natural homomorphism, and f = q ◦ φ. Then f is a bounded homomorphism from
L to (L|V )/Zk(L|V ). As L|(k)V = {0} then L/ker f is nonzero. Since L is E-solvable, there is a nonzero closed Engel ideal J
of L/ker f . Then f ( J ) is a nonzero Engel ideal of L|V /Zk(L|V ) by [11, Lemma 4.21].
Let M = q−1( f ( J )), the preimage of f ( J ) under q. It is easy to check that M is a closed ideal of L|V such that M(k) = {0}.
In fact, if M(k) = {0} then, arguing as in the Case II, we can get that M ⊂ Zk(φ(L)). Then q(M) = {0}, a contradiction with
f ( J ) = {0}.
Claim 3. M(k) is a nonzero Engel ideal of L|V .
It is clear that M(k) ⊂ K(V ). If M(k) is not an Engel ideal of L|V then, by [7, Theorem 2.4] or [14, Theorem 3], there is a
nonzero nilpotent ﬁnite rank operator B ∈ M(k) such that
lim
∥∥(ad A − μ)n(B)∥∥1/n = 0, (1)
for some A ∈ M(k) and 0 = μ ∈C. As ‖q‖ 1 then
∥∥(adq(A) − μ)n(q(B))∥∥1/n  ∥∥(ad A − μ)n(B)∥∥1/n → 0,
as n → ∞. If q(B) = 0 then μ ∈ σ(adq(A)| f ( J )), a contradiction to that f ( J ) is Engel. Therefore q(B) = 0, i.e. B ∈ Zk(φ(L)).
Now let N be the set of all operators B ∈ M(k) satisfying (1) for some A ∈ M(k) and 0 = μ ∈C. We have just proved that
N ⊂ Zk(φ(L)). Then [L|V , span(N)] ⊂ Rad(A(L|V )) by Lemma 3.1, whence [A(L|V ), span(N)] ⊂ Rad(A(L|V )). As N consists
of nilpotents then N ⊂ Rad(A(L|V )) by [6, Proposition 1] and L|V has a nontrivial invariant subspace by Shulman’s result
[9, Theorem 2], a contradiction. Therefore M(k) is Engel.
Since M(k) is a nonzero Engel ideal of L|V and M(k) ⊂ K(V ), then [M(k),M(k)] consists of Volterra operators by [11,
Corollary 4.25] or [7, Theorem 2.5]. Therefore [M(k),M(k)] = {0} by Lemma 1.4, whence [[L|V ,M(k)],M(k)] = {0}. Then
[L|V ,M(k)] consists of Volterra operators by the Kleinecke–Shirokov Theorem. Again as before we have that [L|V ,M(k)] = {0}
by Lemma 1.4. But then L|V has a nontrivial invariant subspace by Lomonosov’s Theorem, a contradiction.
We have proved that L(k)|V = {0} for every gap-quotient V of LatL. Then L(k) ⊂ Rad(A(L)) and A(L)/Rad(A(L)) is
commutative by Lemma 2.1. 
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Note the following corollaries.
Corollary 3.1. Let L be an essentially nilpotent Lie algebra generated by quasinilpotent operators. Then L is E-solvable if and only if
A(L) = Rad(A(L)).
Corollary 3.2. Let L be an essentially nilpotent Lie algebra generated by Riesz operators. Then [L,L] is Engel if and only if
A(L)/Rad(A(L)) is commutative.
Proof. Follows by Lemma 2.3, Proposition 3.1 and Theorem 3.1. 
Corollary 3.3. Let L be an essentially nilpotent Lie algebra generated by Riesz operators. If L is E-solvable then every Lie subalgebra
of L is E-solvable.
Proof. Let L0 be a Lie subalgebra of L. Then L0 is essentially nilpotent and consists of Riesz operators by Lemma 2.3. If
L is E-solvable then A(L)/Rad(A(L)) is commutative by Theorem 3.1. Then A(L0)/Rad(A(L0)) is commutative and then
L0 is E-solvable by Theorem 3.1. 
Proposition 3.2. Let L be an essentially nilpotent Lie algebra generated by Riesz operators. If J is an E-solvable ideal of L then
[L, J ] ⊂ Rad(A(L)).
Proof. One may assume that L(k) ⊂ K(X ). If k = 1 then [L, J ] ⊂ Rad(A(L)) by [11, Theorem 4.26]. Let k > 1 and I = J∩L(k) .
Then I ⊂ K(X ) is an E-solvable ideal by Corollary 3.3.
Claim. I ⊂ Rad(A(L)).
If I|V = {0} for every gap-quotient V of LatL then I ⊂ Rad(A(L)) by Lemma 1.5. So one may assume that there is
a gap-quotient V of LatL, such that I|V = {0}. Then [I|V , I|V ] consists of Volterra operators by [11, Theorem 4.25]. Note
that A(L|V ) consists of Riesz operators. If [I|V , I|V ] = {0} then L|V is reducible by Lemma 1.4. So [I|V , I|V ] = {0}, whence
[[LV , IV ], IV ] = {0}. We obtain that [L|V , I|V ] consists of quasinilpotent operators by the Kleinecke–Shirokov Theorem and
[L|V , I|V ] is a Volterra ideal. Hence [L|V , I|V ] = {0} by Lemma 1.4. If I|V = {0} then L|V has a nontrivial invariant subspace
by Lomonosov’s Theorem. Hence I|V = {0}. Then I ⊂ Rad(A(L)) by Lemma 1.5.
Let D = A(L)/Rad(A(L)), and τ : A(L) → A(L)/Rad(A(L)) be a natural homomorphism. Then D = A(τ (L)). Since
[L, [L, . . . , [L, J ] . . .]]︸ ︷︷ ︸
k−1
⊂ J ∩ L(k) ⊂ Rad(A(L)),
then [τ (L), [τ (L), . . . , [τ (L), τ ( J ) ] . . .]]︸ ︷︷ ︸
k−1
= {0}. So τ ( J ) ⊂ Zkk(τ (L)). Then [τ (L), τ ( J )] ⊂ Rad(D) = {0} by Lemma 3.1. Hence
[L, J ] ⊂ Rad(A(L)). 
Now we show that there is the largest E-solvable ideal of an essentially nilpotent Lie algebra L generated by Riesz
operators. For this we use the spectral and root ideals of normed Lie algebras which are introduced in [11, Section 5].
Let L be a normed Lie algebra, A a Banach algebra, and let ω : L → A be a bounded Lie homomorphism. We denote
the continuous extension of ω to the completion L˜ of L by the same symbol ω. Let r(a) denote the spectral radius of an
element a ∈ A. Then deﬁne
Rω(L) :=
{
a ∈ L: r(ω(a + b)) βa + r(ω(b))},
for every b ∈ L˜ and some constant βa depending of a and
R◦ω(L) :=
{
a ∈ L: r(ω(a + b))= r(ω(b))},
for every b ∈ L˜.
It is clear that ω(R◦ω(L)) consists of quasinilpotent elements. Moreover, it is known (see [11, Theorem 5.2]) that Rω(L)
and R◦ω(L) are Lie ideals of L and [L, Rω(L)] ⊂ R◦ω(L).
Proposition 3.3. Let L be a normed Lie algebra, and let ω : L → B(X ) be a bounded Lie homomorphism. If ω(L) is essentially
nilpotent and generated by Riesz operators, then R◦ω(L) is the largest of ideals whose ω-images consist of quasinilpotent operators.
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Proposition 2.1 and Corollary 3.1. Therefore [ω(L),ω( J )] ⊂ Rad(A(ω(L))) by Proposition 3.2. Then [A(ω(L)),ω( J )] ⊂
Rad(A(ω(L))) and ω( J ) ⊂ Rad(A(ω(L))) by [6, Proposition 1]. Hence J ⊂ R◦ω(L) by [1, Theorem 5.3.1]. Therefore R◦ω(L) is
the largest of ideals whose ω-images consist of quasinilpotent operators. 
Let L ⊂ B(X ) be a Lie algebra, and let id be the identity imbedding of L into B(X ). Using a similar method we get the
following
Lemma 3.2. Let L be an essentially nilpotent Lie algebra generated by Riesz operators. Then R◦id(L) = L ∩ Rad(A(L)).
Proof. The inclusion L ∩Rad(A(L)) ⊂ R◦id(L) is obvious by [1, Theorem 5.3.1]. It is known that R◦id(L) is a Lie ideal of L by
[11, Theorem 5.2] and it consists of quasinilpotent operators. So R◦id(L) is an E-solvable ideal of L, whence [L, R◦id(L)] ⊂
Rad(A(L)) by Proposition 3.2. Then [A(L), R◦id(L)] ⊂ Rad(A(L)). So R◦id(L) ⊂ Rad(A(L)) by [6, Proposition 1]. Therefore
R◦id(L) = L ∩ Rad(A(L)). 
Denote by ZRad(A) the center of a Banach algebra A modulo the Jacobson radical, it is the preimage of the center of
A/Rad(A) under the map A → A/Rad(A).
Proposition 3.4. Let L be an essentially nilpotent Lie algebra generated by Riesz operators. Then R id(L) is the largest E-solvable ideal
of L and it coincides with L ∩ ZRad(A(L)).
Proof. It is clear that L∩ ZRad(A(L)) ⊂ R id(L) by [1, Corollary 3.2.10]. On the other hand, [L, R id(L)] ⊂ R◦id(L) ⊂ Rad(A(L))
by Lemma 3.2. Therefore [A(L), R id(L)] ⊂ Rad(A(L)). So R id(L) ⊂ L ∩ ZRad(A(L)).
If J is an E-solvable ideal J of L then [L, J ] ⊂ Rad(L) by Proposition 3.2. Therefore J ⊂ L ∩ ZRad(A(L)) = R id(L). 
Theorem 3.2. Let L be an essentially nilpotent Lie algebra generated by Riesz operators. Then the following statements are equivalent:
(i) A(L)/Rad(A(L)) is commutative.
(ii) The spectral radius is subadditive on L (that is, ρ(a + b) ρ(a) + ρ(b) for every a,b ∈ L).
(iii) [L,L] consists of quasinilpotent operators.
(iv) [L,L] is Engel.
(v) L is E-solvable.
Proof. (i) ⇒ (ii) is clear by [1, Corollary 3.2.10].
Note that (ii) ⇔ L = R id(L). Then [L,L] ⊂ R◦id(L) by [11, Theorem 5.2]. So (ii) ⇒ (iii) holds.
(iii) ⇒ (iv) is trivial and (iv) ⇒ (v) follows by Proposition 3.1.
(v) ⇒ (i) follows by Theorem 3.1. 
4. Applications to polynomially compact operators
Now we apply the results on the essentially nilpotent Lie algebras of operators to polynomially compact operators. We
are interesting in the closed algebras of polynomially compact operators.
Theorem 4.1. Let L be a Lie algebra generated by a set M of Riesz operators. Assume that A(M) consists of polynomially compact
operators. Then the following statements are equivalent:
(i) A(M)/Rad(A(M)) is commutative.
(ii) The spectral radius is subadditive on L.
(iii) [L,L] consists of quasinilpotent operators.
(iv) [L,L] is Engel.
(v) L is E-solvable.
Proof. Note that A(L) = A(M) consists of scattered operators. Similarly as in the proof of Theorem 2.3, one can prove that
(i) ⇒ (ii) ⇒ (iii) ⇒ (iv) ⇒ (v). We need only to prove that if L is E-solvable then L is essentially nilpotent.
Let I = A(L) ∩ K(X ). Then I is a closed ideal of A(L). Let α : A(L) → A(L)/I be a natural homomorphism. Then B :=
α(A(L)) is a Banach algebra. For every a ∈ B there is an operator T in A(L) such that a = α(T ). Since T is polynomially
compact by assumption, there is a polynomial p such that p(T ) ∈ K(X ). Let f (T ) := p(T )T . Then f (T ) ∈ K(X ) and f (T ) ∈
A(L) because of f (0) = 0. Hence f (T ) ∈ K(X ) ∩ A(L) = I . Therefore α( f (T )) = 0, i.e. every element in B is algebraic. By
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is a Banach algebra generated by α(L) and B/Rad(B) is the Banach algebra generated by γ (α(L)) in B/Rad(B).
Let ad : γ (α(L)) → adγ (α(L)), ad : x → ad x, be the adjoint representation of γ (α(L)). Then ad◦γ ◦α : L → adγ (α(L))
is a bounded Lie homomorphism on a ﬁnite-dimensional space. Since L is E-solvable then adγ (α(L)) is triangularizable by
[11, Theorem 4.24]. Note that γ (α(L)) is ﬁnite-dimensional, so it is solvable by Lie’s Theorem. Since B/Rad(B) is the Banach
algebra generated by the Lie algebra γ (α(L)), then B/Rad(B)Rad(B/Rad(B)) is commutative by Turovskii’s result [13], i.e. B/Rad(B)
is commutative. For every T ∈ M , σe(T ) = {0} by condition. But T is also a polynomially compact operator, so there is an
integer k, such that T k ∈ K(X ). As T k ∈ A(L) then T k ∈ I . Hence α(T ) is nilpotent in B. Therefore B/Rad(B) is generated
by the set γ (α(M)) of nilpotent elements, whence B/Rad(B) = Rad(B/Rad(B)) = {0}, i.e. B = Rad(B). Since every element
in B is algebraic then B consists of nilpotent elements. B is nilpotent as an associative algebra by Grabiner’s Theorem [5].
Therefore α(L) is nilpotent as a Lie algebra, i.e. L is essentially nilpotent. Now the result holds by Theorem 3.2. 
Corollary 4.1. Let L be a Lie algebra generated by a set M of quasinilpotent operators. Assume that A(M) consists of polynomially
compact operators. Then the following statements are equivalent:
(i) A(M) is radical.
(ii) The spectral radius is subadditive on L.
(iii) [L,L] consists of quasinilpotent operators.
(iv) [L,L] is Engel.
(v) L is E-solvable.
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